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Abstract
Let P be a semigroup presentation of the form
〈a1, . . . , an | w1 = a1, . . . , wn = an〉.
In this paper we consider the semigroup deﬁned by P and its Adian graphs. We show that if both Adian graphs of P are connected
and if one of the Adian graphs of P is a cycle graph then P deﬁnes a group.
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1. Introduction
Let us ﬁrst recall the standard terminology. For an alphabet A, A+ denotes the free semigroup on A (i.e. the set of
all non-empty words over A) and A∗ denotes the free monoid on A (i.e. A+ together with the empty word, denoted by
ε). A semigroup presentation is a pair 〈A | R〉 with R ⊆ A+ × A+. If both A and R are ﬁnite then the presentation
〈A | R〉 is called a ﬁnite presentation. In this paper all semigroup presentations are assumed to be ﬁnite. The semigroup
deﬁned by the presentation 〈A | R〉 is the semigroup S = A+/, where  is the congruence on A+ generated by R
(i.e. the smallest congruence on A+ containing R). For w ∈ A+ let |w| denote the length of w. For any two words
w1, w2 ∈ A+ we write w1 ≡ w2 if they are identical words and write w1 = w2 if w1= w2 (i.e. if they represent the
same element in S). Therefore, the relation w1 =w2 holds in S if and only if this relation is a consequence of R, that is
there is a ﬁnite sequence w1 ≡ 1 → 2 → · · · → k ≡ w2 of words from A+, in which every term i (1< ik) is
obtained from i−1 by applying one relation from R (see [7, Proposition 1.5.9]). If a word w is of the form , then
 and  are called an initial and a terminal subword of w, respectively.
The left Adian graph L(P) associated with the semigroup presentation P= 〈A | R〉 is the graph with vertex set A
and edge set deﬁned as follows: {a, b} is an edge for a, b ∈ A if and only if there is a relation in R either of the form
(au, bv) or of the form (bv, au) where u, v ∈ A∗. We use either of the symbols a → b or b → a to indicate that {a, b}
is an edge since the graph under consideration is undirected. See [6] for semigroup graphs and Adian graphs, and for
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graph theoretical terminology see [8]. One can similarly deﬁne the rightAdian graph R(P) by simply deﬁning an edge
using relations of the forms (ua, vb), (vb, ua).
It is known that if a ﬁnite semigroup presentation P= 〈A | R〉 deﬁnes a group then, for each a ∈ A, there exists a
relation of the form wa = a where wa ∈ A+(see [2, Theorem 2.3]) and both the left and right Adian graphs of P are
connected (see [4, Theorem 3]). In general the converse of [4, Theorem 3] is not true. For example, bothAdian graphs of
the semigroup presentation 〈a, b | bab=a, b3=b〉 are connected, but it does not deﬁne a group.Moreover, the semigroup
presentation 〈a, b | bab = a, bab3 = b〉 deﬁnes a group although both Adian graphs of these two presentations are
exactly the same.A semigroup presentation deﬁning a group must have the form 〈A | {wa =a | a ∈ A,wa ∈ A+}∪R〉
where R ⊆ A+ × A+. Motivated from this we investigate the information implied by the form of the Adian graphs of
semigroup presentations of the form
P= 〈a1, . . . , an | w1 = a1, . . . , wn = an〉.
We call this type of presentation a generator producing presentation, or simply GP presentation. If both Adian graphs
of a GP presentation P are connected, then we call P a connected GP presentation.
Let P be a GP presentation with a generating set A. If a ∈ A and a word w belongs to (A\{a})+ where w = a is a
relation inP, then a is called a redundant generator ofP. Without loss of generality we may assume for each relation
w = a that | w | 2 and w contains a. We will ﬁnd it convenient to write the set of relations in P in the form wa = a
where a ∈ A. If wa ≡ bu where b ∈ A and u ∈ A+, then we deﬁne
(a) = b and (a) = u.
Similarly if wa ≡ vc where c ∈ A and v ∈ A+, then we deﬁne
(a) = c and (a) = v.
Considering the Adian graphs of the semigroup presentations studied in [4,5], we notice that both Adian graphs are
connected and that at least one of them is a cycle. We prove that if the left Adian graph of a connected GP presentation
is a cycle, then this presentation deﬁnes a group. In the sequel, the results involving connected GP presentations are
stated using left Adian graphs. All results apply equally well to right Adian graphs.
2. Graphs
Let P be a GP presentation. If the left Adian graph L(P) is a cycle, then (A) = A. In fact it is easy to show that
L(P) is a cycle if and only if (A) = A.
Let P be a connected GP presentation. Suppose that L(P) is not a cycle. It is well known that a connected graph
with n vertices and n edges contains one and only one cycle. Therefore, we may assume that P has the form:
〈a1, . . . , an | a2u1 = a1, . . . , akuk−1 = ak−1, a1uk = ak,wi = ai(k < in)〉,
where ai’s are pairwise distinct and 1kn. Hence a1 → a2 → · · · → ak → a1 represents the unique cycle in
L(P). We denote the set of all generators which are vertices of the cycle of L(P) by AL. Thus AL = {a1, . . . , ak} for
the above presentation.
LetP= 〈a1, . . . , an | a2u1 = a1, . . . , akuk−1 = ak−1, a1uk = ak,wi = ai(k < in)〉 deﬁne a group. If k = n then,
since each ui contains ai , the word unun−1 · · · u2u1, which represents the identity of G, contains every generator. If
k <n then, similarly, the word ukuk−1 · · · u2u1, which represents the identity of G, contains ai for all 1 ik. If i > k
then consider the equation ukuk−1 · · · u2u1 =aiai where ai is a word in A+ representing the inverse of ai . Assume that
u1, . . . , uk ∈ {a1, . . . , ak}+. Then applying relations from {w1 = a1, . . . , wk = ak} to a word in {a1, . . . , ak}+ always
yields a word again in {a1, . . . , ak}+, and so at least one of uj for 1jk must contain a generator al where l > k.
Therefore, we have the following theorem:
Theorem 1. LetP be a GP presentation deﬁning a group without any redundant generators, and let AL={a1, . . . , ak}
be the set of all vertices of the cycle ofL(P).Suppose that everywai ≡ biui for someui ∈ A+ andbi ∈ A for i=1, . . . , k.
(i) If AL = A then the word unun−1 · · · u2u1 contains ai for all 1 in.
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(ii) If AL 
= A then the word ukuk−1 · · · u2u1 contains every generator ai in AL and at least one generator from
A\AL.
In particular there is no relation of the form am = a in P for a ∈ A.
Thus, 〈a, b | bab = a, b3 = b〉 does not deﬁne a group. Similarly we may state and prove an analogous theorem for
R(P).
3. Presentations
We ﬁrst give a technical proposition.
Proposition 2. Let P be a GP presentation whose left Adian graph L(P) is connected. If a ∈ AL and b ∈ A, then
there exists a word u ∈ A+ such that the relation au = b holds in the presented semigroup.
Proof. For each c ∈ AL, it is clear from the argument used to prove Theorem 1 that there exists an element u ∈ A+
such that au = c.
Without loss of generality we may assume that b /∈AL. If (b) /∈AL, then there is a path
b → (b) → · · · → m(b) ∈ AL
for some m ∈ Z+ since L(P) is connected. (If (b) ∈ AL we take m = 1.) Thus, there exists v ∈ A+ such that the
relation m(b)v = b holds.
Since a, m(b) ∈ AL, there exists w ∈ A+ such that the relation aw = m(b) holds. Thus, for u ≡ wv we have
au ≡ (aw)v = m(b)v = b,
as required. 
Similarly, if a ∈ AR and b ∈ A, then there exists a word v ∈ A+ such that the relation va = b holds in the presented
semigroup. From now on, for a ∈ AL (resp. AR), b ∈ A, we ﬁx a word uab (resp. vab) such that the relation auab = b
(resp. vaba = b) holds. With this notation we have the following.
Theorem 3. Let P be a connected GP presentation. If AR ∩ AL 
= ∅, then P deﬁnes a monoid.
Proof. Suppose that a ∈ AR ∩ AL. Then we take e ≡ vaa . By Proposition 2, we have vaaa = a, and moreover, for
every b 
= a, we have auab = b. It follows that
vaab = vaa(auab) ≡ (vaaa)uab = auab = b
so that e is a left identity.
If we take f ≡ uaa then we similarly show that f is a right identity. Therefore, the semigroup deﬁned byP has a left
identity and a right identity, and so the semigroup is a monoid. 
Theorem 4. Let P be a connected GP presentation. If the left Adian graph of P is a cycle then P deﬁnes a group.
Proof. Suppose that L(P) is a cycle and that a is a vertex of L(P). Then we have just shown that e ≡ vaa is a left
identity. Now we show that every generator has a left inverse with respect to e.
Let e ≡ e′b where b ∈ A and e′ ∈ A∗. Then, by Proposition 2, for each c ∈ A, we have vcbc = b, and so
(e′vcb)c ≡ e′(vcbc) = e′b ≡ e.
Therefore, e′vcb is a left inverse of c. It follows from [1, Lemma 2.1] that P deﬁnes a group. 
For a connected GP presentation P any of the Adian graphs may not be cycles. However, applying Tietze trans-
formations we may obtain an equivalent connected GP presentations with an Adian graph which is a cycle. As an
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example consider the presentationP=〈a, b | bab= a, bab3 = b〉 whoseAdian graphs are not cycles. Since, by Tietze
transformation,P and 〈a, b | bab = a, ab2 = b〉 deﬁne the same semigroup, it follows from Theorem 4 thatP deﬁnes
a group.
We give another example of an application of Theorem 4. Consider the semigroup presentations Q1 = 〈a, b |
a3 =a, a2 =bn, abn−1a =b〉 and Q2 =〈a, b | bna =a, abn−1a =b〉. Since the relation bna =a of Q2 is a consequence
of the relations a3 = a and a2 = bn of Q1, Q1 is a homomorphic image of the semigroup deﬁned by Q2. Since, by
Theorem 4, Q2 deﬁnes a group, it follows that Q1 deﬁnes a group as well. In fact Q1 deﬁnes the dihedral group of order
2n (see [3, Theorem 2.2]).
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